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Abstract 

Let M C C" be a complex domain of C" endowed with a rotation 
invariant Kahler form uj^ — ^dd^. In this paper we describe sufficient 
conditions on the Kahler potential $ for (M, a;$) to admit a symplectic 
embedding (explicitely described in terms of $) into a complex space 
form of the same dimension of M. In particular we also provide con- 
ditions on <I> for (M, w$) to admit global symplectic coordinates. As 
an application of our results we prove that each of the Ricci flat (but 
not flat) Kahler forms on constructed by LeBrun in [15] admits 
explicitely computable global symplectic coordinates. 
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1 Introduction and statements of the main results 

Let (M, w) and (5, Vt) be two symplectic manifolds of dimension 2n and 2N , 
n < N, respectively. Then, one has the following natural and fundamental 
question. 

Question 1. Under which conditions there exists a symplectic embedding 
^ : (M, w) {S,i}), namely a smooth embedding ^' : M — > 5 satisfying 



^During the preparation of this article the authors were supported by the M.I.U.R. 
Project "Geometric Properties of Real and Complex Manifolds" . 
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Theorems A, B, C and D below give a topological answer to the pre- 
vious question when J7 is the Kahler form of a AT-dimensional complex 
space form S, namely {S, Q.) is either the complex Euclidean space (C-'^,a;o), 
the complex hyperbolic space {CH^ ,ujhyp) or the complex projective space 
{CP^ ,LOps) (sec below for the definition of the symplectic (Kahler) forms 
^0) i^hyp and uj},-s )• Indeed these theorems are consequences of Gromov's 
h-principle [12] (see also Chapter 12 in [9] for a beautiful description of 
Gromov's work ). 

Theorem A (Gromov [12], see also [10]) Let {M,u>) be a contractible 
symplectic manifold. Then there exist a non-negative integer N and a sym- 
plectic embedding : {M,uj) {C^,uJo), where uq = Yl!j=i'^^3 ^ ^yj de- 
notes the standard symplectic form on = M?^ . 

This was further generalized by Popov as follows. 

Theorem B (Popov [20]) Let (M,uj) be a symplectic manifold. Assume 
Lo is exact, namely u) = da, for a 1-form a. Then there exist a non-negative 
integer N and a symplectic embedding ^ : {M,ll>) {C'^ ,ol>q). 

Observe that the complex hyperbolic space {CH'^ ,u>hyp), namely the 
unit baU CH^ = {z = (zi, . . . , zjv) G Ef=i kjf < 1} in endowed 
with the hyperbolic form u^yp = — |591og(l — "^jLi kiP) is globally sym- 
plectomorphic to (C^,a;o) (see (20) in Lemma 2.2 below) hence Theorem B 
immediately implies 

Theorem C Let (M, w) be a symplectic manifold. Assume u is exact. 
Then there exist a non-negative integer N and a symplectic embedding ^ : 

The following theorem, further generalized by Popov [20] to the non- 
compact case, deals with the complex projective CP^ , equipped with the 
Fubini-Study form cops- Recall that if Zq, . . . , Zn denote the homogeneous 
coordinates on CP^ , then, in the affine chart Zq ^ endowed with coordi- 
nates Zj = = 1, . . . ,N, the Fubini-Study form reads as 

N 
3=1 
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Theorem D (Gromov [10], see also Tischler [22]) Let {M,uj) be a 
compact symplectic manifold such that u is integral. Then there exist a non- 
negative integer N and a symplectic embedding : (M, w) — > {CP^ ,ojfs)- 

At this point a natural problem is that to find the smallest dimension 
of the complex space form where a given symplectic manifold (M, ui) can be 
symplectically embedded. In particular one can study the case of cquidimcn- 
sional symplectic maps, as expressed by the following interesting question. 

Question 2. Given a 2n- dimensional symplectic manifold (M, lu) under 
which conditions there exists a symplectic embedding ^' of{M,uj) into {C^,loq) 
or (CP",a;F5)? 

Notice that locally there are not obstructions to the existence of such ^. 
Indeed, by a well-known theorem of Darboux for every point p G M there 
exist a neighbourhood U oi p and an embedding : U ^ M^" = C" such 
that ^'*(a;o) = oj. In order to get a local embedding into (CP^,lofs) we 
can assume (by shrinking U if necesssary) that ^{U) C CH^. Therefore 
f : U ^ {C'^,ujFs) C {CP'',LOFs), with / given by Lemma 2.2 below, 
is the desired embedding satisfying (/ o ^i)*(ujfs) = ^*('^o) = ^- Observe 
also that Darboux's theorem is a special case of the following 

Theorem E (Gromov [13]) A 2n- dimensional symplectic manifold {M,uj) 
admits a symplectic immersion into (^^,^0) if and only if the following three 
conditions are satisfied: a) M is open, b) the form u is exact, c) the tangent 
bundle {TM,lo) is a trivial Sp{2n) -bundle. (Observe that a), b), c) are 
satisfied if M is contractible) . 

It is worth pointing out that the previous theorem is not of any help in or- 
der to attack Question 2 due to the existence of exotic symplectic structures 
on M^" (cfr. [11]). (We refer the reader to [1] for an explicit construction of 
a 4-dimensional symplectic manifold diffeomorphic to which cannot be 
symplectically embedded in (M^,a;o)). 

In the case when our symplectic manifold (M, uj) is a Kiihler manifold, 
with associated Kahler metric g", one can try to impose Riemannian or holo- 
morphic conditions to answer the previous question. Prom the Riemannian 
point of view the only complete and known result (to the authors' knowl- 
edge) is the following global version of Darboux's theorem. 

Theorem F (McDufF [19]) Let {M,g) be a simply- connected and complete 
n-dimensional Kahler manifold of non-positive sectional curvature. Then 
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there exists a diffeomorphism 4* : M ^ R^" such that \t'*(tJo) = i^- 

(See also [4], [5], [6] and [8] for further properties of McDuff's symplecto- 
morphism) . 

The aim of this paper is to give an answer to Question 2 in terms of 
the Kahler potential of the Kahler metric of complex domains (open and 
connected) M C equipped with a Kahler form uj which admits a rotation 
invariant Kahler potential. More precisely, throughout this paper we assume 
that there exists a Kahler potential for lu, namely a smooth function $ : 
M —>■ R such that oo = ^dd^, depending only on I zi I , . . . , I Zn I J where 
zi,...,Zn are the standard complex coordinates on C". Therefore, there 
exists a smooth function $ : M — > M, defined on the open subset M C M" 
given by 

M = {x={xi,...,Xn) G M"| Xj = \Zjf,Z= izi,...Zn) € M} (1) 
such that 

$(zi, ...,Zn)= $(.Xi, . . . ,.X„), Xj = [Zjl"^, j = l,...,n. 

We set LO := w$ and call a rotation invariant symplectic (Kahler) form 
with associated function It is worth pointing out that many interesting 
examples of Kahler forms on complex domains are rotation invariant (even 
radial, namely depending only on r = \zi\'^ + • • • + l^^np), since they often 
arise from solutions of ordinary differential equations on the variable r (see 
Example 3.3 below and also [3] in the case of extremal metrics). 

Our first result is Theorem 1.1 below where we describe explicit condi- 
tions in terms of the potential ^> for the existence of an explicit symplectic 
embedding of a rotation invariant domain (M, a;$) into a given complex 
space form {S,ujs) of the same dimension. In particular we find conditions 
on $ for the existence of global symplectic coordinates of (M, a;$). 

Theorem 1.1 Let M C. be a complex domain such that condition 

Mn{z,=O}^0,j = l,...,n (2) 

is satisfied ^ and let uj^ = ^dd^ be a rotation invariant Kahler form on M 
with associated function <I> : M ^ M. Then 

^Obviously (2) is satisfied if £ M, but tliere are otlier interesting cases, see Exampies 
3.2 and 3.3 below, where this condition is fulfilled. 
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(i) there exists a uniquely determined special ^ symplectic immersion 

(resp. ^hyp ■ (M,a;$) {CH'^ , cohyp) ) if and only if, 

^>0, k = l,...,n. (3) 
(ii) there exists a uniquely determined special symplectic immersion 

if and only if 



5$ ^ 5l> 

— > 0, k = l,...,n and < ^' 



where we are looking at C"" ^ CP" as the affine chart Zq ^ in CP" 
endowed with the restriction of the Fubini-Study form LOps- 

Moreover, assume that € Af. If (3) (resp. (4-)) is satisfied then (resp. 
^ Fs) is a global symplectomorphism (and hence i o ps '■ ^ ~* CP" is a 
symplectic embedding) if and only if 

— >0,k = l,...,n (5) 

and 

lim > — — Xj = +00 (resp. lim > — — Xj = 1). ^ (6) 
x-^dM ^ dxi ■' x-*aM ^ dxi ■' ' ' 

i=i ■' i=i ■' 



^See (7) in the next section for the definition of special map between complex domains. 
''For a rotation invariant continuous map F : M — > R we write 

lim F{x) = / € M U {ooj, x = (xi, . . . , Xn), 

if, for ||x|| +00 or z — > «o £ dM, we have ||F(a;)|| —^ I, where dM denotes the boundary 
of M C C" and F : M —tR, M given by (1), is the continuous map such that 

F{zi, ...,Zn)= F{X1, ...,X„), Xj = \Zj 1^. 
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Observe that the maps ^hyp and ^fs can be described exphcitely 
(see (23), (24) and (25) below). This is a rare phenomenon. In fact the proofs 
of Theorems A, B, C, D and E above are existential and the explicit form 
of the symplectic embedding or symplectomorphism into a given complex 
space form is, in general, very hard to find. 

Theorem 1.1 is an extension and a generalization of the results obtained 
by the first author and Fabrizio Cuccu in [7] for complete Reinhardt domains 
in C^. Actually, all the results obtained there become a straightforward 
corollary of our Theorem 1.1 (sec Example 3.1 in Section 3). 

Our second result is Theorem 1.2 below where we describe geometric 
conditions on related to Calabi's work on Kahler immersions, which im- 
plies the existence of a special symplectic immersion of (M, a;$) in (M^", cjq), 
n = dimcM (and in particular the existence of global symplectic coordi- 
nates of (M, 0;$)). 

Theorem 1.2 Let M C C" 6e a complex domain such that G M endowed 

with a rotation invariant Kahler form Assume that there exists a Kdhler 
(i.e. a holomorphic and isometric) immersion of {M,g^) into some finite or 
infinite dimensional complex space form, where is the metric associated 
to Lo^. Then, (5) is satisfied and hence there exists a special symplectic 
immersion 'I'o of {M,uj^) into (C"',u;o), which is a global symplectomorphism 
if and only if ^vcn.x^dMYJj=i^^Xj = +oo. If Yl]=i ■§§-Xj < 1 ^^en there 
exists a symplectic immersion "^fs of {M,ljJ^) into {CP'^,lofs) which is an 
embedding if and only if H^x^dM Yl^=i §^^j ~ 

The paper is organized as follows. In the next section we prove Theorem 
1.1 and Theorem 1.2. The later will follow by an application of Calabi's 
results, which will be briefly recalled in that section. Finally, in Section 3 
we apply Theorem 1.1 to some important cases. In particular we recover 
the results proved in [7] and we prove that each of the Ricci flat (but not 
flat) Kahler forms on constructed by LeBrun in [15] admits exphcitely 
computable global symplectic coordinates. Observe that this last result 
cannot be obtained by Theorem F above (see Remark 3.6 below). 
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2 Proof of the main results 



The following general lemma, used in the proof of our main results Theorem 
1.1 and Theorem 1.2, describes the structure of a special symplectic immer- 
sion between two complex domains M C C" and S C C" endowed with 
rotation invariant Kahler forms a;$ and respectively. In all the paper we 
consider smooth maps from M into >S' of the form 

^ -.M ^ S,Z^ {^l{z) =i;i{x)zi,...,^n{z)=^n{x)Zn), (7) 

2; = (zi, 2;„), X = (xi, . . . , Xn), Xj = for some real functions ipj : M ^ 
R, j = 1, . . . , n, where M C M" is given by (1). A smooth map like (7) will 
be called a special map. 

Lemma 2.1 Let M C C" and S C C'"' be complex domains as above. A 
special map ^ : M — 5, z i-^ (^'1(2;), . . . , ^'^(z)), is symplectic, namely 
**('^s) = i^^, if o,nd only if there exist constants G M such that the 
following equalities hold on M: 



where $ (resp. 'E) is the function associated to a;$ (resp. ujb,), and 

«~~(*) = ^(V'i2:i>---,^^a;„), k = l,...,n. 
dxk oxk 

Proof: Prom 



0J~. = - ? I — — - — ZjZi + — — Sii 1 dzj A dzi 




Xl = \zi\'^,...,Xn=\Zn\'^ 



one gets 



n 

I 



where 



2 ^ \ dxidxj dxj 



dxidxj dxidxj 
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If one denotes by 

**(a;H) = **(a;H)(2,o) + ^*('^s)(i,i) + **(a^H)(o,2) 

the decomposition of '^*{uj'b) into addenda of type (2, 0), (1, 1) and (0, 2) one 
has: 

i,j,k,l=l \ ■' / 

(9) 
(10) 



(11) 

(Here and below, with a slight abuse of notation, we are omitting the fact 
that all the previous expressions have to be evaluated at x\ = l-zip, . . . ,Xn = 
\zn\'^. ) Since '^j{z) = il)j{\zi\'^, \zn\^)zj, one has: 



^— = -^ZiZk + ipiOik, -w^ = -^ZkZi (12) 

OZk OXk OZk OXk 

and 

= ZkZi + Ipidik, -T— = -T^ZkZi, (13) 

OZk OXk OZk OXk 

By inserting (12) and (13) into (9) and (10) after a long, but straightforward 
computation, one obtains: 

**('^s)(2,o) = 2 ^ -^^kZi dzk A dzi (14) 

k,l=l 



and 
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k,l=l 



dxkdx, 



where 



9- 



dxk dxi 
Now, we assume that 

I f. 

k,l=l 



^ dxjdxk dxi 

7=1 ■' 



dzkAdzi, 
(15) 



(16) 



o fl ^kZl + ^t'Zfe 
OXkOXi OXi 



dzk A dz; . 



a;i = |2:i|2,...,a;„=|2„|2 



Then the terms ^'*(i^s)(2,o) ^*('-^h)(o,2) equal to zero. This is 
equivalent to the fact that (16) is symmetric in k, I. 

Hence, by setting F/ = ^l^f §§-{^), I = 1, . . . ,n equation (15) becomes 



**('^s)(i,i) = 2 E 

k,l=l 



2 ^ 

k,h 



ZkZi + ^kSkl dzk A dz, 



dzk/\dzi 



(17) 



So, ^'*(a;s) = a;$ imphes 



2 ^ \dxl^''^^ i dZkAdzi = 2 I Qx^dxi ^^^^ / 

In this equality, we distinguish the cases I ^ k and I = k and get respec- 
tively 

and 
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oxk oxl axk 

By defining = Fj. — these equations become respectively 

dAk 

dxi 

and 



= (ly^k) 



— Xfc — A^. 
OXk 

The first equation imphes that does not depend on xi and so by the 
second one we have 

^fc = rfe-|^ = ^, (18) 

OXk Xk 

for some constant G M, i.e. 

namely (8). 

In order to prove the converse of Lemma 2.1, notice that by differentiat- 
ing (8) with respect to I one gets: 

dxkOXi xf, oxkdxi 

with Ah given by (16). By ^ = ^ and ^^iV^f = afe^' 
one gets Aki = Aik- Then, by (14), the addenda of type (2,0) (and (0,2)) in 
'^*{uje) vanish. Moreover, by (16) and (17), it follows that = u^. □ 

In the proof of Theorem 1.1 we also need the following lemma whose 
proof follows by Lemma 2.1, or by a direct computation. 

Lemma 2.2 The map f : CH"' — > given by 
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is a special global diffeomorphism satisfying 

f*{uJo) =UJhyp (20) 

and 

nu;Fs)=u;o, (21) 

where, in the second equation, we are looking at C" ^ CP" as the affine 
chart Zq ^ in CP" endowed with the restriction of the Pabini-Study form 
LJFS o-nd where uq denotes the restriction of the flat form o/C" to CiJ" C 
C". 

We are now in the position to prove our first result. 



Proof of Theorem 1.1 First of all observe that under assumption (2), the 
Cfe's appearing in the statement of Lemma 2.1 are forced to be zero. So, the 
existence of a special symplectic immersion : M ^ S is equivalent to 

If we further assume (S = C",a;s = loq), namely S = Yl^=i then condi- 
tion (8) reduces to 



^fe = /c = 1, . . . ,n, 

dxk 

and hence (3) follows by Lemma 2.1. Further ^Iq is given by: 



dxi 




M^)=\j^^i,---Ali^zn\ (23) 



3:i=\zi\'^ 



In order to prove (i) when {S = CiJ",a;s = ^hyp) observe that since the 
composition of two special maps is a special map it follows by (20) that the 
existence of a special symplectic map ^' : (M, aJ$) {CH'^,LVfiyp) gives rise 
to a special symplectic map fo^ : (M, u>^) — > (C", cjq). The later is uniquely 
determined by the previous case, i.e. ^'o = / o So '^hyp := * = f"^ o 
and since the inverse of / is given by 



/-I : c" Cii-", z 



Zl 
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one obtains: 



d<S> 
dxi 



\ ^ -r 2^k=l dxk^^ \ ^k=l dxk 



dXn 



Xk 



(24) 

In order to prove (ii), notice that by (21) a special symplectic map ^ : 
(M, a;$) —>■ {C"',lofs) is uniquely determined by the special symplectic map 
^0 = /-I o* : {M,oj^) (CH'',(^o) C (C",u;o) and therefore (4) is a 
straightforward consequence of the previous case (i). Furthermore ^ps is 
given by 
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\ 1_ V- dt^, 

2^k = l dXk-^k ^ J- ^K=LOXk""' / x- = \z \'^ 

\25) 

Finally, notice that conditions (5) and (6) for the special map (23) (resp. 

(25)) are equivalent to ^'o \{0}) = {0} (resp. ^^^({0}) = {0}) and to the 
properness of (resp. '^fs)- Hence, the fact that under these conditions 
^0 (resp. \t'Fs) is a global diffeomorphism follows by standard topological 
arguments. □ 

Remark 2.3 Observe that, by Theorem 1.1, if (M, u;$) admits a special 
symplectic immersion into {C^jUJfs)-, then it admits a special symplectic 
immersion in (C",ljo) (or (CH^ ,ujhyp))- The converse is false even if one 
restricts to an arbitrary small open set U C. M endowed with the restriction 
of LO^ (see Remark 3.4 below). 

In order to prove our second result (Theorem 1.2) we briefly recall Cal- 
abi's work on Kahler immersions and his fundamental Theorem 2.9. We 
refer the reader to [2] for details and further results (see also [17] and [18]). 
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dXn 



l^k=l dxk 



Calabi's work In his seminal paper Calabi [2] gave a complete answer 
to the problem of the existence and uniqueness of Kahler immersions of a 
Kahler manifold {M,g) into a finite or infinite dimensional complex space 
form. Calabi's first observation was that if such Kahler immersion exists 
then the metric g is forced to be real analytic being the pull-back via a 
holomorphic map of the real analytic metric of a complex space form. Then 
in a neighborhood of every point p G M, one can introduce a very special 
Kahler potential Dp for the metric g, which Calabi christened diastasis. 
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The construction goes as follows. Take a a real-analytic Kahler potential $ 
around the point p (it exists since g is real analytic). By duplicating the 
variables z and z $ can be complex analytically continued to a function ^> 
defined in a neighborhood U of the diagonal containing (p, p) G M x M 
(here M denotes the manifold conjugated to M). The diastasis function is 
the Kahler potential Dp around p defined by 

Example 2.4 Let go be the Euclidean metric on C^, N < oo, namely the 
metric whose associated Kahler form is given by luq = ^"^jLidzj A dzj. 
Here C°° is the complex Hilbert space P{C) consisting of sequences {zj)j>i, 
Zj G C such that Y.j'=i l^iP < +00 • The diastasis function : ^ R 
around the origin G is given by 

N 

D'o°i^) = J2\'j\'- (26) 

Example 2.5 Let (Zq, Zi, . . . , Z^) be the homogeneous coordinates in the 
complex projective space in CP^ , N < co, endowed with the Fubini-Study 
metric gps- Let p = [1, 0, . . . , 0]. In the afiine chart C/q = {Zq 7^ 0} endowed 
with coordinates {zi, . . . , zn), zj = the diastasis around p reads as: 

N 

i5f«(2;)=log(l + ^|z,|2). (27) 

Example 2.6 Let CH^ = {z e J2f=i l-^jf < 1} C C^, iV < 00 be the 
complex hyperbolic space endowed with the hyperbolic metric ghyp- Then 
the diastasis around the origin is given by: 

TV 

D','^''{z) = -\ogil-^\zjf). (28) 
i=i 

A very useful characterization of the diastasis (see below) can be obtained 
as follows. Let (z) be a system of complex coordinates in a neighbourhood 
of p where Dp is defined. Consider its power series development: 

D'piz) = J2 ^3k{9)z^^z^\ (29) 
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where we are using the following convention: we arrange every n-tuple of 
nonnegative integers as the sequence 

rrij = {mij,m2,j, ■ ■ ■ ,mnj)j=o,i,... 

such that mo = (0, ...,0), \m,j\ < jmj+i|, with \m,j\ = J2a=i^'a-j 
z^i = na=i(^a)'""''' • Further, we order all the rn^'s with the same |mj| 
using the lexicographic order. 

Characterization of the diastasis: Among all the potentials the diastasis 
is characterized by the fact that in every coordinates system (z) centered in 
p the coefficients ajk{g) of the expansion (29) satisfy ajo{g) = aoj{g) = 
for every nonnegative integer j . 

Definition 2.7 A Kdhler immersion ip of {M,g) into a complex space form 
{S,G) is said to be full if ip{M) is not contained in a proper complex totally 
geodesic submanifold of {S, G) . 

Definition 2.8 Let g be a real analytic Kdhler metric on a complex mani- 
fold M. The metric g is said to be resolvable of rank N if the oo x oo matrix 
Ojkig) given by (29) is positive semidefinite and of rank N. Consider the 
function e^p — 1 (resp. 1 — e~^p ) and its power series development: 

e^l-l = ^ bjkig)z^^z^K (30) 

j,k>0 

( resp. 

l_e-^l= E cM9>'^^z"''-) (31) 

The metric g is said to be 1-resolvable (resp. —1-resolvable) of rank N 
at p if the oo x oo matrix bjk{g) (resp. Cjk{g) ) is positive semidefinite and 
of rank N . 

We are now in the position to state Calabi's fundamental theorem and 
to prove our Theorem 1.2. 

Theorem 2.9 (Calabi) Let M be a complex manifold endowed with a real 
analytic Kdhler metric g. A neighbourhood of a point p admits a (full) 

Kdhler immersion into (C^,(7o) if o-f^d only if g is resolvable of rank at 
most (exactly) N at p. A neighbourhood of a point p admits a (full) Kdhler 
immersion into {CP^ , gps) (resp. {CH^ , ghyp) ) if and only if g is 1- 
resolvable (resp. —1-resolvable) of rank at most (exactly) N at p. 
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Proof of Theorem 1.2 Without loss of generality we can assume $(0) = 0. 
Then, it follows by the characterization of the diastasis function that $ is 
indeed the (globally defined) diastasis function for the Kahler metric 
(associated to to^) around the origin, namely <I> = -Dg*- Since $ = Dg* is 
rotation invariant, namely it depends only on . . . , the matrices 

ttjkig), bjk{g) and Cjk{g) above are diagonal, i.e. 

O'jkig) = cLjSjk, bjk{g) = bjSjk, Cjkig) = cjdjk, aj,bj,Cj G M. (32) 

Therefore, by Calabi's Theorem 2.9 if {M,g^) admits a (full) Kahler immer- 
sion into (C^,(?o) (resp. {CP^ , gps) or {CH'^ , ghyp)) then all the a'^s (resp. 
the b'jS or the c'js) are greater or equal than and at most (exactly) N of 
them are positive. Moreover, it follows by the fact that the metric g^ is posi- 
tive definite (at G M) that the coefficients (resp. 6^ or c^). A; = 1, . . . , n, 
are strictly greater than zero . Hence, by using (29) (resp. (30) or (31)) with 
p = and 5 = 5$ we get ^(x) = Uk + Po{x) (resp. ^(a;) = i+^J'ft/j^j 

or ■§^ix) = ^^fc^^-(j2j ) where Pq (resp. P+ or P_) is a polynomial with 

non-negative coefficients in the variables x = (.ti, . . . , ,t„), xj = \zj\'^. Hence 
condition (3) above is satisfied. The last two assertions of Theorem 1.2 are 
immediately consequences of Theorem 1.1. □ 



3 Applications and further results 

Example 3.1 (cfr. [7]) Let a;o G M+ U {+00} and let F : [0, xq) (0, +00) 
be a non-increasing smooth function. Consider the domain 

Dp = {{zi,Z2) e C2 I < xo, \z2f < F{\zi\^)} 

endowed with the 2-form up = ^ddlog f(^^zi\'^-)-\z2\'^ ' function A{x) = 

satisfies A'{x) > for every x G [0,a;o), then lof is a Kahler form 

on Dp and {Dp, up) is called the complete Reinhardt domain associated 
with F. Notice that ujp is rotation invariant with associated real function 
F(xi,X2) = log \_ — . We now apply Theorem 1.1 to (Dp,ojp). We have 

^ J X'2 



dF F'ixi) dF 1 „ , ,2 

= - ^, \ ^ > 0, ■7^ = TTr—x >0, Xj = \Zj\^, J = 1,2. 

dxi F{xi)-X2 8x2 F{xi)-X2 ' J' ' 
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So, by Theorem 1.1, {Df,lop) admits a special symplectic immersion in 
(C^,a;o) (and in {CH^ ,ijJhyp)). Moreover, this immersion is a global sym- 
plectomorphism only when 

dP dF_ _ X2 - F'{xi)xi 
dxi^^ 8x2^"^ F{xi) — X2 

tends to infinity on the boundary of Dp. For example, let F : [0,+oo) — > 
M+ given by F{x) = c > (resp. F{x) = p G N+). Then 

E2 dF X2{c+xi)'^+cxi / \-^2 OF _ X2+pxi{l+xi)~P~'^ \ i 

i=l Wi^i ~ c{c+xi)-X2{c+xiy^ {Tesp. l^^^^ 957^i " (l+xi)-P-a;2 > 

not tend to infinity, for t — > oo, along the curve x\ = t, X2 = for any 
e G (0, 1) (resp. does not tend to infinity, for t ^ oo, along the curve xi = t, 
X2 = e{l + for any e G (0, 1)). On the other hand, one verifies by a 
straight calculation that, if F : [0, +oo) — is given by F{x) = (resp. 
F : [0,1) ^ R+, F{x) = (1 - xy, p > 0), then E-=i ft^^ = TClT 
(resp. Yli^i ^.Xi = *° infinity on the boundary of 

Dp- We then recover the conclusions of Examples 3.3, 3.4, 3.5, 3.6 in [7]. 

Example 3.2 Let us endow \ {0} with the rotation invariant Kahler 
form = ^dd^ with associated real function 

^{xi,X2) = alog(xi + X2) + b{xi + X2) + c, a,b,c> 0. 

The metric associated to uj^ is used in [21] (see also [16]) for the construc- 
tion of Kahler metrics of constant scalar curvature on bundles on CP"'~^. 

Since §^ = b + > 0, by Theorem 1.1 there exists a special sym- 

plectic immersion of (C^ \ {0},lo^) in (C^,a;o) (or in {CH'^ , u>hyp)) . 

Example 3.3 Let us endow \ {0} with the metric u;# = idd^, where 



$= + 1 -I- 2 log r - log(-\/r^ + 1 + 1), r= \/|^ipTl^. 

The metric is used in [14] for the construction of the Eguchi-Hanson 
metric. A straight calculation shows that 



_ dr 

dxi dr dxi 



4r3 _ 1 \ ^ 2 



2Vr4 + 1 V Vr^ + l + iy r 



so by Theorem 1.1 there exists a special symplectic immersion of 
(C2 \ {0},a;$) in (C2,a;o) (or in {CH'^ ,Uhyp)). 
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Remark 3.4 Notice that in the previous Example 3.3 one has 



a$ 9$ 1 \ 

so again by Theorem 1.1 it does not exist a special symplectic immersion of 
(C^ \ {0},ti;$) in {€?,ijjFs)- Moreover, such an immersion does not exist for 
any arbitrarily small C \ {0} endowed with the restriction of a;$ (cfr. 
Remark 2.3 above). 

Example 3.5 In [15] Claude LeBrun constructed the following family of 
Kahler forms on defined by Um = ^dd^rn, where 

^m{u, v) = + v'^ + m{u^ + f m > 

and u and v are implicitly defined by 

For m = one gets the flat metric, while for m > each of the metrics 
of this family represents the first example of complete Ricci flat (non-fiat) 
metric on having the same volume form of the flat metric loq, namely 

A iOm = tJo A coo- Moreover, for m > 0, these metrics are isometric (up 
to dilation and rescaling) to the Taub-NUT metric. 

Now, with the aid of Theorem 1.1, we prove that for every m the Kahler 
manifold (C^,a-'m) admits global symplectic coordinates. Set = U, v"^ = 
V. Then (the function associated to satisfies: 







dU 


8^m 


8V 


dx\ 


dU 


dx\ 


8V 


8xi 


8X2 


dU 


dU 

8X2 


8^m 

8V 


dV 

8X2 



where Xj = \zj\'^,j = 1,2. In order to calculate ^ and = 1,2, let us 

consider the map 

G : R2 ^ R^ {U,V) ^ (xi = e2-(^-^)i7, X2 = e2-(^-^)F) 

and its Jacobian matrix 

_ / (1 + 2mU) e2"»(t^-^) -2mU e^^^^-"^) \ 
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We have detJc = 1 + 2m{U + F) / 0, so 



(1 + 2my)e2"^(^-^) 2mJ7e2'"(^-'^) 



1 + 2m{U + V)\ 2mye2"»(^-f^) (1 + 2mU)e^'^^^-^^ 



(dU dU \ 
Sv^ Sy ) by a straightforward calculation we get 
dxi 8x2 / 

^ = (1 + 2my)e2™(^-f^) > 0, ^ = (1 + 2mi7)e2-(^-^) > 0, 

and 

lim i^^xi + ?5^X2) = lim (U + V + AmUV) = +oo, 

||i;||->+oo OXi OX2 ||a;||->+oo 

namely (5) and (6) above respectively . Hence, by Theorem 1.1, the map 
^q:<C? ^ C2, (zi, Z2) ^ ((1 + 2m1/)5e'"(^-^)2i, (1 + 2mU)^2 e"^^^ -^^2^ 
is a special global symplectomorphism from {<C?,u}m) into (C^,a;o). 

Remark 3.6 Notice that for m > we cannot apply McDuff's Theorem 
F in the Introduction in order to get the existence of global symplectic 
coordinates on (C^,a;^). Indeed, the sectional curvature of (C^,^^^,) (where 
Qm is the Kahler metric associated to w^) is positive at some point since 
is Ricci-flat but not flat. 

Remark 3.7 In a forthcoming paper, among other properties, we prove 
that {C'^,gm) cannot admit a Kahler immersion into any complex space 
form, for all m > | (this is achieved by using Calabi's diastasis function). 
Therefore, the previous example shows that the assumption in Theorem 
1.2 that (M, admits a Kahler immersion into some complex space form 
is a sufficient but not a necessary condition for the existence of a special 
symplectic immersion into (C",a;o) . 
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